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ABSTRACT 
In this paper we define a completely separating system of an n-set, an extension of 
the concept of a separating system introduced by Renyi [1 ] for use in certain information 
theoretic problems. We then consider the problem of finding the cardinality of a minimal 
completely separating system and show that this, considered as a function of n, is 
asymptotic to the cardinality of a minimal separating system. 
Let C{ = {S1,S~ ..... Sk} be a set of subsets of an n-set S with the 
property that given any two distinct elements x, y of S there exists an 
Si ~ 6~ such that 
x ~ Si and y r Si 
or 
x r S~ and y ~ S~, 
i.e., there exists an element of ~ which separates any given pair of elements 
of S in the sense that it contains one of the elements and not the other. 
is called a separating system for S, a concept introduced by R6nyi [1]. 
As pointed out by R6nyi and by Katona [2], it is easily seen that a minimal 
separating system of an n-set has a cardinality of exactly {logs n} (where {x} 
denotes the least integer ~> x). Both R6nyi and Katona were concerned with 
problems involving separating systems which related to information theory. 
In this paper, we wish to extend the concept of a separating system, 
as follows. 
We will call ~' a completely separating system if it has the property 
that given any two distinct elements x, y of S there exists S~, Sj e 
such that 
(i) x e S i ,  y q~ Si 
and 
(ii) x ~ St ,  y ~ St, 
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i.e., we can separate x and y completely in the sense that we can find 
subsets in the system 6~ containing each one without the other. We will 
consider the problem of finding f(n),  the minimum possible cardinality 
of a completely separating system of an n-set. 
It is easily seen that, for any n > 1, the cardinality of  a minimal 
completely separating system is greater than the cardinality of a minimal 
separating system and it was expected that it would be significantly greater. 
However we will show that this is not true and that, surprisingly, these 
two minima, considered as functions of n, are asymptotic to each other. 
The problem can be reformulated in terms of (0, 1) matrices, in the 
following way. 
Let S = {xl,  x2 ..... x,~} and associate with each 6~ an n • k matrix 
A = (aij) defined by 
1 if xi ~ S~, 
aij = iO if xi (~ St . 
We see that ~ is a completely separating system if and only if A has 
the property (which we shall refer to as property P) that given any two 
rows of A there will exist two columns such that the 2 • 2 submatrix 
formed by the intersection of  these rows and columns is 
[10 ~] or [~ ~]. 
Thus f (n)  is also the minimum possible value of k such that we can 
construct an n x k (0, 1) matrix with the property P. 
The main result of this paper will be: 
THEOREM. f (n)  ~-' log2 n. 
Before proving this theorem we shall prove 3 lemmas. 
LEMMA 1. For all positive integers n, 
f (2 2"-1) ~ 2 n -- I -t- n. (1) 
PROOF: Let A = (a~) be a (0, 1) matrix of  order 
2 2~-1 X (2 n -- l), n ~ 1. 
Denote the rows of A by Ai (i = 1 ..... 2 2" 1) and the number of  l 's in 
A~ by n(A 3. Let A be such that 
Ai ~ A~.~ i~  j (2) 
and 
n(Ai) > n(Aj) ~ i > j. (3) 
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Thus all possible (2" - -  1)-tuples of  O's and l 's  are included exactly 
once among the rows of  A and they are arranged so as to satisfy (3). 
Now construct a (0, 1) matrix B = (bij) of order 2 2"-1 >( n such that 
B i = B~ .r n(Ai) = n(Aj) (4) 
and 
n(Bi) < n(B~) ~ i > j, (5) 
where the notat ion is the same as with matr ix A above. 
As n(Ai) will take on exactly 2" different values all possible n-tuples 
of  O's and l 's  are included among the rows of B. 
Consider the augmented matrix [A : B] of  order 
2 2"-1 • (2" - -  1 + n). 
We can show that this satisfies property P. Let us consider any two rows 
of [A : B], the k-th and/ - th  rows (k < l), and consider two possible cases: 
(i) n(Ak) = n(A~) ~ 1: In this case A~ and At contain the same number 
of l 's  but the rows are not identical. Obviously then we can choose two 
columns of A and hence of  [A : B] such that the submatr ix is of  the form 
[011] or [10 
(ii) n(Ak) < n(A~). In this case there must exist a column (say the m-th) 
of A such that akin = 0 and a~m = 1. 
F rom (4) and (5) we have n(Bk) ~ n(B~) but Bk =/: B~; hence there 
exists a column of  B (say the p-th)(such that b~ --  1 and b~ = 0. 
Thus in the matrix [A : B] we can again find suitable columns for the 
k-th and/ - th  rows. 
We note that n(Ak) = 0 if and only if k = 1 and (3) excludes the case 
n(Ak) > n(A~). Hence [A : B] has the property P as all cases have been 
covered. 
f (2  2"-x) ~2"  + n - -  1. 
LEMMA 2. For all positive integers n, 
f(2") > n. (6) 
PROOF: Let A be a 2" • k (0, 1) matr ix with property P. We know 
that no two rows are identical and hence k ~ n. 
I f  k = n, then in order that  no two rows be identical the rows must 
consist of all possible n-tuples of O's and l 's. Hence there would exist 
Thus 
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two rows which differ in only one entry and property P would not be 
satisfied. 
Hence k > n, i.e.,f(2 ") > n. 
LEMMA 3. For all positive integers a and b, 
f(ab) ~ f(a) q- f(b). (7) 
PROOF: Let A and B be (0, I) matrices of orders a • f(a) and b • f(b), 
respectively, which satisfy property P. 
Construct a matrix C of order ab • {f(a) § f(b)}, as follows 
C = 
A B ~1) 
A B (2~ 
A B (a) 
A B (b) 
1_ 
where B li) is the matrix of order a • f(b) all of  whose rows are equal 
to the i-th row of  B. 
It is easily seen that C satisfies property P and hence 
f(ab) ~ f(a) -I- f(b). 
PROOF OF THEOREM" From (1) and (6) we have 
2" - -  1 -<f(22"-1) ~2 n+n-  1 (8) 
for all positive integers n. 
Using Lemmas 2, 3 we obtain 
2 n <f(22")  ~<2 nq-n - t -  1 (9) 
for all positive integers n. 
Let m be any positive integer and let 
m = a0 + 2al -+- 2~a2 -}- "" -k- 2nan, 
whereas=0,1 fora l l0~<i~<n- - landan= 1. 
(10) 
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Then, using Lemma 3, we have 
f(2 m) ~< Zf(22%), (lO 
where the summation is over all i such that a~ 3~ 0. 
If ai ---- 1, then from (9), 
f(22%) ~< 2 i + i + 1. 
Thus 
f(2 m) ~< ~ {a,(2 ~ + i + 1)} 
i=0 
i.e., 
Hence 
= m + ~ ai(i + 1) 
i=0 
~<m + (n + 1)(n +2)  
2 
f(2~) ~ 1 + (n+ 1)(n +2)  
m 2m 
< 1 + (n+ 1) (n+2)  
2n+x 
lim f(2m) ~< 1 
m ~  m 
and combining this with Lemma 2 we have 
lim f(2m) = 1. 
m-* |  m 
Now if 1 is any positive integer, there exists an integer m such that 
2 m-1 ~ l < 2 m and we have 
f(2~-1) < f(O f(2'~) 
m ~ < m ~ - -  1' 
as f is obviously a monotonic increasing function. As m increases with/, 
we obtain 
lim f(l) = 1, 
~-*~ log2 1 
which is the required result. 
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